We revisit the effects of an early matter dominated era on gravitational waves induced by scalar perturbations. We carefully take into account the evolution of the gravitational potential, the source of these induced gravitational waves, during a gradual transition from an early matter dominated era to the radiation dominated era, where the transition timescale is comparable to the Hubble time at that time. Realizations of such a gradual transition include the standard perturbative reheating with a constant decay rate. Contrary to previous works, we find that the presence of an early matter dominated era does not necessarily enhance the induced gravitational waves due to the decay of the gravitational potential around the transition from an early matter dominated era to the radiation dominated era.
I. INTRODUCTION
Stochastic gravitational wave (GW) background is one of the hottest topics in astrophysics and cosmology. It is generated from numerous astrophysical processes, such as mergers of black holes, neutron stars and white dwarfs (see Ref. [1] and references therein). In addition, there can also be cosmological origins such as vacuum quantum fluctuations during inflation, cosmic strings and scalar perturbations at second order [2] [3] [4] [5] [6] (see also Ref. [7] for a recent review and Ref. [8] for detection prospects). In particular, GWs induced by scalar perturbations at second order have recently attracted a lot of attention [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Such induced GWs can be especially important in inflationary scenarios where small-scale primordial fluctuations are enhanced, to the extent that a cosmologically relevant amount of primordial black holes are created by the gravitational collapse of extremely rare peaks during the radiation dominated (RD) era. In such scenarios, the scalar perturbations may simultaneously induce stochastic GWs that can be detected by current and future GW observations [4, 5, 22, 23] . Even if no sizable amount of primordial black holes was produced, the induced GWs can be used to constrain the amplitude of primordial perturbations on small scales [16, 20] . In this and an accompanying paper [24] , we argue that the induced GWs could also be useful probes of an early epoch after inflation and before the RD era.
Throughout this work, we discuss the GWs induced by the scalar (namely curvature/density) perturbations assuming that an early matter dominated (eMD) era follows inflation, which ends with the Universe dominated by radiation (reheating) [10, 25, 26] . After the inflation era, a massive field, such as the inflaton or a curvaton, could dominate the energy density and the Universe behaves as a matter dominated (MD) era until the field decays to radiation, which is the beginning of the RD era.
Unlike during the RD era, the gravitational potential, which is the source of the induced GWs, does not decay even on subhorizon scales during a MD era. Therefore the presence of an eMD era which precedes the RD era may seem to enhance the induced GWs, relative to the GWs induced from the same primordial spectrum when the transition from inflation to the RD era is virtually instantaneous.
The effects of an eMD era on induced GWs were also discussed in Refs. [10, 25, 26] . In the previous works, they assumed that the gravitational potential is constant on subhorizon scales during an eMD era up to the moment of reheating. However, in realistic situations, the transition from an eMD era to the RD era occurs gradually due to an exponential decay of the massive particle (ρ m a 3 ∝ exp(−Γt) with Γ denoting its decay rate). As a result, the gravitational potential also changes gradually. Here, by a gradual-reheating transition we mean that the transition timescale is comparable to the Hubble time at that time. In addition, the authors in the previous works neglected an important part of contributions to the induced GWs associated with the RD era. The part of the contributions mainly comes from the modes that had entered the horizon during an eMD era and have non-negligible impacts on the spectrum as we show later. In short, we take into account the gradual evolution of the gravitational potential and calculate GWs induced throughout the transition for the first time.
1 Note that, 1 The effects of the decrease in the gravitational potential during a gradual transition and the resultant incomplete enhancement of induced GWs were also discussed in a talk by S. Kuroyanagi [27] , though they neglected the difference between the evolutions of the perturbations of matter and radiation. Some qualitative features of our results including the shape of the spectrum Ω GW are somewhat different from theirs.
throughout this paper, we focus on the GWs induced by the perturbations entering the horizon during an eMD era because the effects of an eMD era on induced GWs are mainly due to the behaviors of the perturbations on subhorizon scales during an eMD era, which are different from those during the RD era. This paper is organized as follows. In Sec. II, we review the calculations of the induced GWs with some refinements of previous works. The gradual reheating and its consequences, particularly the significant suppression of the gravitational potential, are discussed in Sec. III. Using the results obtained in these sections, we compute the induced GWs in Sec. IV. Sec. V is dedicated to discussions.
II. A FORMALISM TO CALCULATE INDUCED GRAVITATIONAL WAVES
In this section, we introduce formulas to calculate GWs induced around a transition from an eMD era to the RD era. We assume that the curvature perturbations follow a Gaussian distribution. 2 We take the conformal Newtonian gauge, 3 and the metric perturbations are given by
where η = dt/a(t) is the cosmic conformal time with a denoting the scale factor. Since we are interested in second-order contributions to the tensor perturbation h ij originating from the first-order scalar perturbations Φ and Ψ, we neglect the irrelevant components such as the vector perturbations and first-order tensor perturbations. We also neglect anisotropic stress and take Ψ = Φ in the following. Note that since Φ can be interpreted as the Newtonian potential, Φ is referred to as "gravitational potential". Throughout this work, we focus on smallscale perturbations with k k eq = 0.0103 Mpc −1 [31] and do not take into account the effects associated with the late MD era (z 3400) [3, 32] . Here, we introduce the formulas only in the case where the transition from an eMD era to the RD era suddenly occurs at a conformal time η = η R . In Sec. III, we will explain how to take into account a gradual transition. Since the energy density is continuous at the transition, the scale factor a = a(η) and its derivative with respect to the conformal time are also continuous. Then, we can express the scale factor as
Tensor perturbations can be expanded with the Fourier components as
where e λ ij (λ : +, ×) are the polarization tensors. The power spectrum of tensor perturbations is defined as
where the angle brakets denote an ensemble average. The energy density parameter of GWs per logarithmic interval in k is given by
where ρ represents the energy density, H = a /a, with the prime representing derivative with respect to the conformal time, and the overline on the power spectrum indicates the time average over oscillations. The equation of motion of the tensor perturbations is given by [3] 
The source term S λ k is expressed in terms of the Fourier components of the gravitational potential as
where w = P/ρ is the equation-of-state parameter with P being the pressure. Using the Green's function method, we can express the power spectrum of GWs as [10] (see also [2, 3, 22] for detail)
. (8) Here, P ζ (k) is the power spectrum of the primordial curvature perturbations, the integration variables u and v represent wavenumbers in units of k, and the function I(u, v, k, η, η R ) contains information on the dynamics of the scalar and tensor perturbations and is given by
where x and x R are defined as x ≡ kη and x R ≡ kη R . In the above expression, f (u, v,x, x R ) is the source function defined as
Φ(x, x R ) is the transfer function of the gravitational potential, which satisfies Φ(x → 0, x R ) = 1. The second argument of Φ is abbreviated in Eq. (10) for compact notation, that is, Φ(ux) actually means Φ(ux, ux R ) and Φ(vx) should be understood similarly. The prime here denotes a differentiation with respect toη. Since a is given in Eq. (2), kH −1 can be written as (9) is the Green's function being the solution of
Here, the prime denotes a differentiation with respect to only η, notη. G k represents the solution for GWs (multiplied by the scale factor) in the presence of a deltafunction source.
Ultimately, the time evolutions of all relevant modes for both G k and Φ need to be calculated for gradualtransition scenarios to obtain induced GWs. Unfortunately, however, we have not been able to find exact analytic solutions of G k and Φ for such scenarios. In addition, obtaining numerical solutions and plugging them into the formula for the induced GWs to do the relevant integrations require high computational costs. Hence, in this paper, we try to calculate the induced GWs approximately as a first step toward a more rigorous analysis. Let us begin by using Eq. (2) to decompose Eq. (9) as [10] ,
where we have assumed x > x R (see Eq. (32) for x < x R ). The first term I eMD represents the contributions from the GWs induced during an eMD era and propagating freely during the RD era. On the other hand, the second term I RD describes the GWs induced during the RD era. The Green's functions G k for GWs are given by
and
where j 1 and y 1 are the first and second spherical Bessel functions, and the coefficients are
Note that when we derive C and D, we have connected the GW solutions at the transition requiring continuity of themselves and also their first derivatives [10] .
As we can see from Eqs. (10) and (13), the induced GWs sensitively depend on the evolution of the gravitational potential Φ. In Refs. [25, 26] , they assume that Φ remains unity until η R and that I RD , representing the contributions from the RD era, is subdominant and hence can be neglected. However, as we will see in the next section, Φ gradually changes around the transition and therefore we need to take into account the evolution of Φ more carefully. The contributions from the RD era also turn out to have non-negligible impacts. These are the main issues we address in this work.
From the above splitting of the function I, we have
For later convenience, we also split Ω GW into three parts as Ω GW = Ω GW,RD + Ω GW,eMD + Ω GW,cross , where Ω GW,RD , Ω GW,eMD , and Ω GW,cross are calculated from I 2 RD , I 2 eMD and 2I RD I eMD , respectively. Note that Ω GW,cross can be negative.
After the transition, the gravitational potential continues to decay on subhorizon scales and Ω GW reaches some constant value. Hence, we define η c as the moment when Ω GW stops growing. Since we consider small-scale perturbations, η c is well before the late matter-radiation equality time.
III. EVOLUTION OF GRAVITATIONAL POTENTIAL
In this section, we focus on the evolution of Φ around the transition, which has large impacts on the resultant GWs. To be concrete, we assume that the field that dominates the Universe during an eMD era, such as inflaton, decays to radiation with a constant decay rate Γ. In this case, we can use formulas for perturbations in decaying dark matter scenarios [33] [34] [35] . Then, the evolutions of the energy densities are described by [35] 
where the subscripts "m" and "r" represent matter and radiation, respectively. The equations for perturbations in Fourier space are given by [35] 
where δ and θ denote the energy density perturbation and the velocity divergence [35, 36] , respectively, and we have neglected the anisotropic stress of radiation. In addition, the derivative of Φ is given by [37] ,
where ρ tot = ρ m + ρ r . Figure 1 shows the numerical results for the evolutions of the background quantities, such as a, ρ m , ρ r , and w. We define η eq as the conformal time when ρ m = ρ r . Note that there is one-to-one correspondence between Γ and η eq and hence this and the subsequent figures do not depend on the specific choice of Γ. We also plot the approximation formula Eq. (2) with η R = 0.83η eq , as well as the following fitting formula:
Both the formulas fit the numerical results very well. We will explain the reason why we take η R = 0.83η eq shortly. The fact that the approximation formula for the scale factor fits the numerical result well may indicate that using the exact solutions for the Green's functions during an eMD era and the RD era is a good approximation, noting the Green's functions are determined by the scale factor (see Eq. (12)). Figure 2 shows the numerical results of the evolutions of the perturbations. Here, we have assumed the following adiabatic initial conditions [37] :
Note that we study the linear regime, and thus the overall normalization of perturbations does not matter in the figures, hence we take Φ ini = 1, or equivalently we plot the transfer function. In Fig. 2 , we can see that for perturbation modes that entered the horizon well before the transition (k 1/η eq ), the gravitational potential Φ exponentially decays soon after the equality time, and after a while, Φ starts to oscillate due to radiation pressure, with the amplitude decaying less rapidly (∝ η −2 ). Here, we explain how to derive an approximation formula of Φ which describes its exponential decay. The formula will be used to calculate the induced GWs.
First, from Eq. (26), Φ can be approximated to be
2 ρm ρtot δ m + ρr ρtot δ r in the subhorizon limit. For modes with k 1/η eq , during 1/k η η eq , δ m grows but δ r does not. Therefore, even after η eq , the evolution of Φ is dominated by ρ m δ m for a while. During this phase, ρ m decays exponentially and then we can expect Φ is proportional to ρ m . Radiation density perturbations ρ r δ r also decay following the decay of Φ around this phase. After a while, the evolution of Φ is dominated by ρ r δ r and then Φ starts to oscillate. Neglecting this radiation term and the expansion of the Universe during the transition for simplicity, we can approximate Φ as
where we have used Eq. (2) and assumed a(η R )Γ = H(η R )(= 2/η R ). Note that since we consider a gradual decay of the dominant field, there is some ambiguity in the definition of η R , and hence we may choose values of η R which are slightly different from η eq . From Fig. 2 , we can see that if we take η R = 0.83η eq , the approximation formula fits the non-oscillating part of the numerical results very well. As we have seen in Fig. 1 , the approximation formula of the scale factor, given by Eq. (2) with η R = 0.83η eq , also fits the numerical result very well. Therefore we take η R = 0.83η eq when we use Eqs. (2) and (29) in the following. Figure 3 is an enlarged view of the evolution of Φ for several modes around the transition. From this figure, we can see that, for k 30/η eq , the exponential decay of Φ can be fitted by Eq. (29) .
IV. CALCULATIONS OF INDUCED GRAVITATIONAL WAVES
In this section, we explain how we approximately calculate induced GWs in gradual-transition scenarios and present the results. We consider the power spectrum given by
where A represents the amplitude. We focus on modes with k > 30/η eq so that we can use the fitting formula for Φ obtained in the previous section. In addition, we have introduced the cutoff scale k max . This cutoff scale corresponds to the horizon scale at the start of an eMD era, or the scale that is entering the non-linear regime at η R , i.e., the amplitude of matter density perturbations on such a scale becomes unity at η R . Since the formulas shown above are invalid in the non-linear regime, we need to introduce this cutoff scale to limit our analysis to Time dependences of the scale factor, the energy densities, normalized by their values at η = ηeq, and the equation-of-state parameter. aapp is given by Eq. (2) with ηR = 0.83ηeq and w fit is given by Eq. (27) . Note that ρm,eq = ρr,eq by definition. the linear regime when there exist scales that enter the non-linear regime before η R . The scale corresponding to the non-linear growth of the perturbations is roughly estimated as [10, 25] 
Therefore our calculations are valid only for k max 470/η R . To make the differences from the previous works look clear, we take k max = 450/η R in the following. With the above power spectrum, we can use the fitting formula of Φ, given in Eq. (29) . As we have seen in Sec. III, the expression of the scale factor for a sudden transition, given in Eq. (2), describes the numerical results very well, and this justifies the use of the formulas for the induced GWs, introduced in Sec. II with the separation of the contributions at η R . Then, to calculate induced GWs, we substitute the fitting formulas of w and Φ for a gradual transition, given in Eqs. (27) and (29), into Eq. (10), thereby taking into account the graduality of the transition. Note that we neglect contributions from the oscillation phases of Φ because the oscillation amplitude is very small for k > 30/η eq , noting that the power spectrum of the induced GWs is basically proportional to the fourth power of Φ. For example, in Fig. 2 , we can see that Φ with k = 30/η eq starts to oscillate with the amplitude Φ ∼ O(10 −6 ). Figure 4 shows the numerical results for the induced GWs. From this figure, we can see that the induced GWs are suppressed compared to those derived with the setups in the previous works. In this figure, each component of the induced GWs is also shown. From these plots, we understand two reasons for the suppression. First, each component of the induced GWs is suppressed because Φ is smaller than unity around the transition, as we have seen in the previous section. The second reason is that a cancellation occurs between those components. (Note again that Ω GW,cross can be negative by definition.)
To see how the cancellation arises, we show the time dependence of x|I| in Fig. 5 . For η > η R , we use Eq. (13) and, for η < η R , we use
which can be derived from Eq. (9), with kG eMD k given by [3, 25] kG eMD k (η,η) = −xx(j 1 (x)y 1 (x) − y 1 (x)j 1 (x)). (33) From Fig. 5 , we can see that xI grows when η η R , but around the transition (η ∼ η R ), xI stops growing and starts to decrease due to the decay of Φ. This again shows the cancellation between I eMD and I RD . After the transition (η > O(1)η R ), xI oscillates with its amplitude being almost constant. Since the evolutions of I correspond to those of the tensor perturbations, the behavior of xI can be interpreted as follows. During an eMD era, since the source term in Eq. (6) is almost constant, the amplitude of the tensor perturbation is given as h
2 in the subhorizon limit [3, 25] . Here, we consider a gradual transition from an eMD era to the RD era and therefore the amplitude of the tensor perturbations decays on subhorizon scales, following the gradual decay of the source during the transition, which corresponds to the decay of xI around η ∼ η R . After a while, the tensor perturbations decouple from the source and behave as free-propagating GWs, which corresponds to the oscillation of xI for η > O(1)η R .
Note that, to obtain Fig. 5 also, we use the approximation formula Φ fit for Φ and neglect the oscillation behavior of Φ after its exponential decay. This also implies that the oscillation behavior of xI in Fig. 5 (already present before η = 2η eq 2.4η R )) has nothing to do with the oscillation behavior of Φ in Fig. 2 (appearing after η = 2η eq ), and the contributions from the oscillations of Φ can be neglected because of its small amplitude if we consider k > 30/η eq , as we have already mentioned. 4 . Spectrum of induced GWs at η = ηc associated with a gradual transition from an eMD era to the RD era. In all the plots (including the thick brown dotted plot), kmax = 450/ηR is assumed and the primordial power spectrum used is given in Eq. (30) . The thick brown dotted plot shows the results using Ref. [10] , additionally taking into account the factor 1/4 mentioned in footnote 4, with the same assumptions as in Refs. [25] , under which Φ = 1 until η = ηR and there is no GW production for η > ηR (IRD = 0).
V. DISCUSSION
In this paper, we have revisited the effects of an eMD era on the GWs induced by the scalar perturbations. We have considered a case where the energy density in the eMD era is dominated by the field decaying to radia- 9). We omit the arguments u and v because we approximate Φ as Φ fit , defined in Eq. (29) , and hence I does not depend on u or v.
tion with a constant decay rate, which leads to a gradual transition to the RD era. We have taken into account the evolution of the gravitational potential Φ during the transition and found that the existence of an eMD era does not necessarily increase the induced GWs as were reported in previous works. This is due to the exponential decay of Φ during the transition.
Throughout this work, to spotlight the effects of an eMD era on induced GWs, we have focused on the GWs induced by the perturbations entering the horizon during an eMD era. However, we have neglected the contributions from the perturbations entering the horizon during an eMD era but relatively near the transition (1/η R < k < 30/η eq ) to avoid high computational costs. If we consider the scale-invariant spectrum of curvature perturbations, these perturbations could produce GWs in addition to the results in Fig. 4 . We leave the analysis of these additional effects of an eMD era for our future work in a separate paper. In addition, we have not considered the GWs induced by the perturbations entering the horizon much before the transition (k > 470/η R ). If we consider the scale-invariant spectrum and a longlasting eMD era, the perturbations on k > 470/η R could also induce additional GWs. Such perturbations may have become non-linear during the eMD era, and our formula based on the linear perturbation theory cannot be applied. Although there are works discussing GWs induced by non-linear scalar perturbations in this context [38, 39] , there are still some uncertainties about the predictions [38, 39] . Therefore, the amount of the induced GWs predicted in the current work can be regarded as lower bounds on the total induced GWs.
Although we assume that the decay rate is constant throughout this paper, if we consider a time-dependent decay rate causing the field to decay much faster than the Hubble time at that time, the induced GWs can be significantly enhanced. We will discuss this issue in Ref. [24] .
